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Abstract

It has previously been shown that, at least for non-exceptional Kac—Moody Lie
algebras, there is a close connection between Demazure crystals and tensor products
of Kirillov—Reshetikhin crystals. In particular, certain Demazure crystals are iso-
morphic as classical crystals to tensor products of Kirillov—Reshetikhin crystals via
a canonically chosen isomorphism. Here we show that this isomorphism intertwines
the natural affine grading on Demazure crystals with a combinatorially defined en-
ergy function. As a consequence, we obtain a formula of the Demazure character
in terms of the energy function, which has applications to Macdonald polynomials
and g-deformed Whittaker functions.
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1 Introduction

Kashiwara’s theory of crystal bases [28] provides a remarkable combinatorial tool for
studying highest weight representations of symmetrizable Kac—-Moody algebras and their
quantizations. Here we consider finite-dimensional representations of the quantized uni-
versal enveloping algebra U, (g) corresponding to the derived algebra g’ of an affine Kac-
Moody algebra. These representations do not extend to representations of U,(g), but one
can nonetheless define the notion of a crystal basis. In this setting crystal bases do not
always exist, but there is an important class of finite-dimensional modules for U, (g) that
are known to admit crystal bases: tensor products of the Kirillov-Reshetikhin modules
W75 from [34] (denoted W (sw,) in that paper), where r is a node in the classical Dynkin
diagram and s is a positive integer.

The modules W"* were first conjectured to admit crystal bases B™* in [17, Conjecture
2.1], and moreover it was conjectured that these crystals are perfect whenever s is a
multiple of a particular constant ¢, (perfectness is a technical condition which allows one
to use the finite crystal to construct highest weight crystals, see [25]). This conjecture
has now been proven in all non-exceptional cases (see [49, 50] for a proof that the crystals
exist, and [11, Theorem 1.2] for a proof that they are perfect). We call B™* a Kirillov—
Reshetikhin (KR) crystal.

The perfectness of KR crystals ensures that they are related to highest weight affine
crystals via the construction in [25]. In [31], Kashiwara proposed that this relationship
is connected to the theory of Demazure crystals [27, 42], by conjecturing that perfect
KR crystals are isomorphic as classical crystals to certain Demazure crystals (which are
subcrystals of affine highest weight crystals). This was proven in most cases in [8, 9].
More relations between Demazure crystals and tensor products of perfect KR crystals
were investigated in [36, 37, 38, 12, 47].

There is a natural grading deg on a highest weight affine crystal B(A), where deg(b)
records the number of fj in a string of f;’s that act on the highest weight element to give b
(this is well-defined by weight considerations). Due to the ideas discussed above, it seems
natural that this grading should transfer to a grading on a tensor product of KR crystals.

Gradings on tensor products of KR crystals have in fact been studied, and are usu-
ally referred to as “energy functions.” They are vast generalizations of the major index
statistics on words, which can be viewed as elements in (B"')®%. The idea dates to the
earliest works on perfect crystals [25, 26], and was expanded in [51] following conjectural
definitions in [16]. A function D, which we will refer to as the D-function, is defined as a
sum involving local energy functions for each pair of factors in the tensor product and an
‘intrinsic energy’ of each factor. It has been suggested that there is a simple global char-
acterization of intrinsic energy related to the affine grading on a corresponding highest
weight crystal (see [52, Section 2.5], [16, Proof of Proposition 3.9]). However, as far as we
know, it has previously never been shown that the explicit definition of intrinsic energy
actually satisfies this condition.
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1.1 Results

In the present work, we restrict to non-exceptional type (i.e. all affine Kac-Moody al-
gebras except Ag), Gél), F4(1), Eél), Egl), Eél), EéQ) and Df’)), where KR crystals are
known to exist. The relationship between KR crystals and Demazure crystals discussed
above can be enhanced: There is in fact a unique isomorphism of classical crystals be-
tween any tensor product B = B ® - - - ® By, of perfect level ¢ KR crystals and a certain
Demazure crystal such that all 0 arrows on the Demazure side correspond to 0 arrows
on the KR sides (although there are more 0 arrows in the KR crystal). See Theorem 6.1
for the precise statement. This was proven by Fourier, Shimozono and the first author
in [12, Theorem 4.4] under certain assumptions since at the time KR crystals were not
yet known to exist. Here we point out that in most cases the assumptions from [12] follow
from [49, 50, 10, 11]. In the remaining cases of type Aéi) and the spin nodes for type DY
we prove the statement separately, thereby firmly establishing this relationship between
KR crystals and Demazure crystals in all non-exceptional types.

We then establish the correspondence between the D function and the affine grading
discussed earlier in this introduction. That is, we show that the unique isomorphism
discussed above intertwines the basic grading on the Demazure crystal with the D-function
on the KR crystal, up to a shift (i.e. addition of a global constant). This also allows for
a new characterization of the D function. Define the intrinsic energy function E™ on B
by letting E™(b) record the minimal number of f, in a path from a certain fixed u € B
to b. We show that E™ agrees with the D-function up to a shift (i.e. addition of a
global constant). The isomorphism between KR crystals and Demazure crystals actually
intertwines the basic grading with E™ exactly. In particular this shows that for any
Demazure crystal arrow (see Remark 7.7) the energy changes by 1 on the corresponding
classical crystal components.

We also consider the more general setting when B is a tensor product of KR crystals
which are not assumed to be perfect or of the same level. The D function is still well-
defined, and we give a precise relationship between D and the affine grading on a related
direct sum of highest weight modules in Corollaries 8.3 and 8.4. In this case we no longer
give an interpretation in terms of Demazure modules, although for tensor products of
perfect crystals of various levels it was subsequently shown by Naoi [47] that the result is
the disjoint union of Demazure crystals; see also Remark 8.5.

1.2 Applications

Our results express the characters of certain Demazure modules in terms of the intrinsic
energy on a related tensor product of KR crystals (see Corollary 9.1). This has potential
applications whenever those Demazure characters appear.

For untwisted simply-laced root systems, Ion [21], generalizing results of Sanderson [53]
in type A, showed that the specializations F)(q,0) of nonsymmetric Macdonald polyno-
mials at ¢ = 0 coincide with specializations of Demazure characters of level one affine
integrable modules. If X is anti-dominant, then F)(q,0) is actually a symmetric Macdon-
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ald polynomial Py(q,0). In this case, the relevant Demazure module is associated to a
tensor product B of level one KR crystals as above, so our results imply that Py(q,0) is
the character of B, where the powers of ¢ are given by —D, see Corollary 9.5. It follows
that the coefficients in the expansion of Py(g,0) in terms of the irreducible characters are
the one-dimensional configuration sums defined in terms of the intrinsic energy in [16].

There is also a relation between Demazure characters and ¢g-deformed Whittaker func-
tions for gl,, [13, Theorem 3.2]. Hence our results allow one to study Whittaker functions
via KR crystals.

1.3 Exceptional types

KR crystals are still expected to exist in exceptional types, although in most cases this
has not yet been established (see for example [22, 30, 32, 56] for some cases where it has).
Furthermore, it is expected that the relationship between KR crystals and Demazure
crystals holds in general (see [31] for the conjecture, and [8, 9] for a proof that it holds in
some exceptional cases). Our expectation is that Theorem 6.1 and Corollary 7.6 would
also continue to hold in all cases.

1.4 Outline

In Section 2 we briefly review the theory of crystals. In Section 3 we review combinatorial
models for non-exceptional finite type crystals and their branching rules. Section 4 is
devoted to combinatorial models for KR crystals. In Section 5, we introduce the two
energy functions E'™ and D. Section 6 discusses the isomorphism between Demazure
crystals and tensor products of perfect KR crystals. In Section 7 we relate the basic
grading on a Demazure crystal with the energy function on a tensor product of KR crystals
and show that the two energy functions agree up to a shift (Theorems 7.4 and 7.5). Some
of these results are generalized to tensor products of (not necessarily perfect) KR crystals
of different level in Section 8. In Section 9 we discuss applications to Demazure characters,
nonsymmetric Macdonald polynomials, and Whittaker functions.

2 Kac—Moody algebras and Crystals

2.1 General setup

Let g be a Kac-Moody algebra. Let I' = (I, E) be its Dynkin diagram, where I is the
set of vertices and F the set of edges. Let A be the corresponding root system and
{a; | i € I} the set of simple roots. Let P,Q, P¥, and @V denote the weight lattice, root
lattice, coweight lattice, and coroot lattice respectively.

Let U,(g) be the corresponding quantum enveloping algebra over Q(q). Let {E;, F; }ier
be the standard elements in U, (g) corresponding to the Chevalley generators of the derived
algebra g’. We recall the triangular decomposition

Uq(g) = Uy(9)~" ® Uyg(9)" @ Uy(g)™",
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where U,(g)<° is the subalgebra generated by the F;, U,(g)”? is the subalgebra generated
by the E;, U,(g)" is the abelian group algebra generated by the usual elements K, for
w € PV, and the isomorphism is as vector spaces. Let U, .(g) be the subalgebra generated
by E;, F; and K; := Kaiv fori e I.

We are particularly interested in the case when g is of affine type. In that situation,
we use the following conventions: A; to denotes the fundamental weight corresponding to
i € 1. For i € I\{0}, w; denotes the fundamental weight corresponding to that node in
the related finite type Lie algebra. The corresponding finite type weight lattice and Weyl
group are denoted P and W, respectively.

2.2 U,y(g) crystals

Here we give a very quick review, and refer the reader to [18] more details. For us, a
crystal is a nonempty set B along with operators e¢; : B — BU{0} and f; : B — BU{0}
for ¢ € I, which satisfy some conditions. The set B records certain combinatorial data
associated to a representation V' of U,(g), and the operators e; and f; correspond to the
Chevalley generators E; and F;. The relationship between the crystal B and the module
V' can be made precise using the notion of a crystal basis for V.

Often the definition of a crystal includes three functions wt, ¢, : B — P, where P
is the weight lattice. In the case of crystals of integrable modules, these functions can be
recovered (up to a global shift in a null direction in cases where the Cartan matrix is not
invertible) from the knowledge of e; and f;, as we discuss in a slightly different context in
Section 2.3.

An important theorem of Kashiwara shows that every integrable U,(g) highest weight
module V' (\) has a crystal basis and hence a corresponding crystal B(\).

2.3 U,(g) crystals

In the case when the Cartan matrix is not invertible, one can define an extended notion
of Ui(g) crystal bases and crystals that includes some cases which do not lift to U,(g)
crystals. Note however that not all integrable U;(g) representations have corresponding
crystals. See e.g. [30]. We consider only integrable crystals B, i.e. crystals where each
e;, fi acts locally nilpotently. Define a weight function on such a B as follows: First set

i(b) = max{m | ¢'(8) # 0},
pi(b) = max{m | f(5) # 0}.

Let A; be the fundamental weight associated to 7 € I. For each b € B, define

(D) ¢(b) =) _wilb)As,

iel

(ii) £(b) =Y _ei(b)As,

i€l
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(iii) wt (b) := p(b) — £(b).

Then wt (b) corresponds to the classical weight grading of the U,(g) module associated to
B, and is referred to as the weight function. Notice that wt (b) is always in

P’ :=span{A; :i € I}. (2.1)
If the Cartan matrix of g is not invertible, P’ is a proper sublattice of P.

Remark 2.1. One would expect that f; should have weight —c;. This is true for U,(g)
crystals, but for U, (g) crystals the weight of f; is actually the projection of —a; onto P’
under the projection that sends null roots to 0.

2.4 Tensor products of crystals

The tensor product rule for U, (g) or U,(g) modules leads to a tensor product rule for
the corresponding crystals. Following [12], we use the opposite conventions from Kashi-
wara [28]. If A and B are two crystals, the tensor product A ® B is the crystal whose
underlying set is the Cartesian set {a ® b | a € A, b € B} with operators e; and f; defined
by:

ei(a) @b if g;(a) > @i (b),

a®e;(b) otherwise,

fila) @b if gi(a) = ¢i(b),
a® fi(b) otherwise.

eila®b) = {
(2.2)

2.5 Abstract crystals

Definition 2.2. Let g be a Kac-Moody algebra with Dynkin diagram I' = (I, E). Let B
be a nonempty set with operators e;, f; : B — B U {0}. We say B is a regular abstract
crystal of type g if, for each pair ¢ # j € I, B along with the operators e, f;, ej, f; is a
union of (possibly infinitely many) integrable highest weight U, (g, ;) crystals, where g; ;
is the Lie algebra with Dynkin diagram containing ¢ and j, and all edges between them.

Remark 2.3. If g is an affine algebra other than ;[2, then any U (g) crystal is a regular
abstract crystal of type g.

2.6 Perfect crystals

In this section, g is of affine type. Let ¢ = >, ., a;/;” be the canonical central element

associated to g and P the set of dominant weights, that is, Pt = {A € P | A(o))) € Z=0}.
We define the level of A € PT by lev(A) := A(c). For each ¢ € Z, we consider the sets

Pr={AeP|lev(A)=¢} and PS={AeP"|lev(A)=1¢},

the sets of level-¢ weights and level-¢ dominant weights respectively. Note that P," = 0 if
¢ < 0. The following important notion was introduced in [25].
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B! for ¢V B for B (~ B2 for C{V)

Figure 1. Examples of perfect and non-perfect U;(g) crystals. One can verify that the
crystal on the right is perfect of level 1, and the crystal on the left is not perfect of any
level. These crystals are both KR crystals, as indicated, and the vertices are indexed by
KN tableaux as in Section 3.1. In fact, all known finite U;(g) crystals are KR crystals or
tensor products of KR crystals.

Definition 2.4. For a positive integer ¢ > 0, a Ué(g)—crystal B is called a perfect crystal
of level ¢ if the following conditions are satisfied:

(i) B is isomorphic to the crystal graph of a finite-dimensional U, (g)-module.

(i) B ® B is connected.

(iii) There exists a A € P, such that wt (B) C A + >ienjoy L<oc; and there is a unique
element in B of classical weight .

(iv) Vb e B, lev(e(b)) > <.

v) YV A € P, there exist unique elements by, b € B, such that
¢
e(by) = A = p(b").

Examples of a perfect and nonperfect crystal is given in Figure 1.
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2.7 Kirillov-Reshetikhin modules and their crystals

In this section g is of affine type. The Kirillov—Reshetikhin modules were first introduced
for the Yangian of g’ in [34]. One can characterize the KR module W for U/(g) [5, 6],
where r € I\ {0} and s > 1, as the irreducible representations of U/(g) whose Drinfeld
polynomials are given by

Po(u) = (1—¢ w(l—q¢"u)(1—¢  u) ifi=r (2.3)
‘ 1 otherwise. '

Here ¢; = ¢(®il*)/2,

It was shown in [26] for type AV and many special cases, and in [49, 50] for general
non-exceptional types, that the modules W"* have crystal bases. We denote the resulting
crystals by B™*  and refer to them as KR crystals.

Theorem 2.5. [50, 11] In all non-exceptional types, W™ has a crystal base B™*. Fur-
thermore, if s is a multiple of ¢, (see Figure 4) the resulting crystals are perfect. [

The following is a slight strengthening of results from [10].

Lemma 2.6. Let g be a non-exceptional affine Kac—Moody algebra with index set I =
{0,1,...,n}. Fixr € I\ {0} and s > 0. Then any regular abstract crystal B (see
Definition 2.2) of type g which is isomorphic to B™ as a {1,2,...,n}-crystal is also
1somorphic to B™® as an I-crystal.

Proof. First, recall that any finite type crystal C' is uniquely determined by its character

ch(C) = Z eWtﬁn(c),

ceC
where wt i denotes the weight as a {1,2,...,n}-crystal. Since B is isomorphic to B™* as
a {1,2,...,n}-crystal, it is finite and hence of level 0. Thus wt (b) can be recovered from

wt i*(b). In particular, we can recover the character of B as an I'\{j} crystal for all j € I,
and from there recover the isomorphism class of B as an I'\{j}-crystal.
The lemma now follows by the following uniqueness results from [50, 10]:

e By [50, Proposition 6.1] (for most nodes) and [10] (for exceptional nodes), in types
Dg), BY and Agi)_l, any regular abstract crystal B which is isomorphic to B™* as
both a {1,2,...,n}-crystal and a {0,2,...,n}-crystal is isomorphic to B™® as an
affine crystal.

e As in [10, Sections 5.2 and 6.1], in types iV, Dfﬁl and Agi), any regular ab-
stract crystal B which is isomorphic to B™* as both a {1,2,...,n}-crystal and a
{0,1,...,n — 1}-crystal is isomorphic to B™ as an affine crystal.

[]
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By [39, Proposition 3.8], a tensor product B = B! @ ---® B"™*N of KR crystals is
connected. We refer to such a B as a composite KR crystal. As in [25], if the factors are
all perfect KR crystals of the same level, then B = B @ - .. ®@ B™ "~ is also perfect
of level . We refer to such a perfect crystal as a composite KR crystal of level {.

Explicit combinatorial models for KR crystals of non-exceptional type were con-
structed in [10], and will be reviewed in Section 4. Two examples are given in Figure 1.

2.8 Extended affine Weyl group

Write the null root as § = )., a;a;. Let 6 = § —agay. As in [23, Section 6.4], 0 is a root
in the finite type root system corresponding to I\{0}. Following [16], for each ¢ € I\ {0},
define ¢; = max(1, a;/a)). It turns out that ¢; = 1 except for ¢; = 2 for: g = BY and
i:n,g:C’r(Ll) and 1 gign—l,g:ﬂm and 7 = 3,4, andcgz?)forg:Ggl).
Here we use Kac’s indexing of affine Dynkin diagrams from [23, Table Fin, Aff1 and Aff2].
Consider the sublattices of P given by

M = @ ZCiOéi = ZW Q/CL(),
ie1\{0}
M = @ Zc,;wi.
1eI\{0}
Let W be the finite type Weyl group for the Dynkin diagram I\{0}, which acts on P
by linearizing the rules s;\ = A — (a), \)a;. Clearly M C M and the action of W on
P restricts to actions on M and M. Let T(M) (resp. T(M)) be the subgroup of T'(P)

generated by the translations ¢y by A € M (resp. A € M).
There is an isomorphism [23, Prop. 6.5]

W =W x T(M) (2.4)

as subgroups of Aut(P), where W is the affine Weyl group. Under this isomorphism we
have

Sp — te/a()SG; (25)
where sp is the reflection corresponding to the root 6. Define ¥ € h* so that se(\) =
A — {6V, \)0.

Define the extended affine Weyl group to be the subgroup of Aut(P) given by

—~ —~

W =W x T(M). (2.6)

Let C C P®zR be the fundamental chamber, the set of elements A such that (a, \) > 0
for all i € I\{0}, and (0, \) < 1/ay.

Let ¥ C W be the subgroup of w consisting of those elements that send C' into itself.
Then W = W, and in particular every element x € W can be written uniquely as

T =wT (2.7)
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for some w € W and 7 € X. .

The usual affine Weyl group W is a normal subgroup of W, so ¥ acts on W by
conjugation. Each 7 € ¥ induces an automorphism (also denoted 7) of the affine Dynkin
diagram I'; which is characterized as the unique automorphism so that:

TST = 8.0 for each i € I. (2.8)

Remark 2.7. When g is of untwisted type, M = QV, M PV, with the isomorphism v
given by cw; = v(w,’), and ¢;o; = v(«)) for i € 1\{0}.

Lemma 2.8. Fiz g with affine Dynkin diagram ', and let 7 € Aut(I'). Then T € ¥ if and
only if there exists w, € W such that the following diagram commutes

A

A

L
—_—
T
_—
L )

N<—M~

where A is the underlying finite type root system, and v is the map that takes i to «; for
all i # 0 and takes 0 to —0.

Proof. Fix 7 € ¥. By (2.6), we can write 7 = t\w, where w € W, and A € PV. Then w
must send C' to a chamber which can be shifted back to C', from which one can see that
w has the desired properties.

Now fix 7 € Aut(T). If there is a w, € W making the diagram commute, then consider
the element ¢, , w, € W. A simple calculation shows that th(O)wT(C) = (C, and that
this realizes 7 as an element of . This last step uses the fact that a,() is always 1 when
there is a non-trivial diagram automorphism 7. O]

2.9 Demazure modules and crystals

In this section g is an arbitrary symmetrizable Kac-Moody algebra. Let A be a dominant
integral weight for g. Define

W :={wecW|w\=\}

Fix p € WA, and recall that the p weight space in V() is one-dimensional. Let u, be a
non-zero element of the p weight space in V(A). Write p = w\ where w is the shortest
element in the coset wW?*. The Demazure module is defined to be

Vi (A) = Ug(8)”° - (),

and the Demazure character is

chViy(A) =) dim(V,,(A),)e”,
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where V,,()), is the p weight space of the Demazure module V,,(\).

It was conjectured by Littelmann [43] and proven by Kashiwara [27] that the inter-
section of a crystal basis of V() with V,,()\) is a crystal basis for V,,(A). The resulting
subset B, (A) C B(A) is referred to as the Demazure crystal. It has the properties that it
is closed under the action of the crystal operators e; (but not f;), and that

chV,(\) = Y e, (2.9)
bEByw(N)

Define the set

fw(b) = { fiN - fi(b) | my € Zxo}, (2.10)

where w = s;, -+ s;, is any reduced decomposition of w. By [27, Proposition 3.2.3|, as

sets,

N

By(A) = fulua), (2.11)
independent of the reduced word for w.

Example 2.9. Let us consider the Demazure crystal B, (w1 +ws) for sl3. The Demazure
crystal is shown with thick vertices and edges, will the rest of the ambient crystal B(w; +
ws) is shown in thinner lines. Here blue lines show the action of f; and red lines show the
action of fs.

e

Remark 2.10. We mainly consider the case when g is affine, and the following Demazure
modules: Fix an anti-dominant weight u € P, and write t, € Wast, =wr, wherew € W
and 7 € ¥. For a dominant A € P, we consider V,,(7(A)) and its crystal By, (7(A)). In
[12] these were denoted by V,,(A) and B,(A), respectively.

Remark 2.11. It is well-known [7, 35, 45] that the Demazure character can be expressed
in terms of the Demazure operator D; : Z[P| — Z[P]

b — pn— (1@ )

(M) —
Di(e") = ,
where «; is a simple root and «; the corresponding coroot. Then for w = s;, -+-s;;, € W
a reduced expression

chVy,(\) = D;,, -+~ Dy, ().

,L-N..
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Type Standard crystal B(w;)

A )2 ][ 1

B, LI ”_1 n @ n ”_1 R
Ch L. ”*1 n ”*1 s
D,

2 n4/’ ~ 1
NAZ
n

Figure 2: Standard crystals. The boxes represent the vertices of the crystal, and each
arrow labeled i shows the action of f;.

3 Kashiwara-Nakashima tableaux and branching rules

3.1 Kashiwara-Nakashima tableaux

We briefly review a method, due to Kashiwara and Nakashima [33], of realizing all highest
weight crystals of non-exceptional finite type g. The first observation is that many crystals
occur inside high enough tensor powers of the “standard” crystals shown in Figure 2.
Many here means all in type A and C', but not those involving spin weights in types B
and D.

We call the set of symbols that show up in the boxes of the standard crystal of type
X, = A,, B,,C,, D, the type X,, alphabet. Impose a partial order < on this alphabet
by saying x < y iff x is to the left of y in the presentation of the standard crystals in
Figure 2 (in type D, the symbols n and 7 are incomparable).

Definition 3.1. Fix g of type X,,, for X = A, B,C, D. Fix a dominant integral weight
v for g = X,,. Write v = mywy + mows + -+ + my_1Wn_1 + Mpuw,. Define a generalized
partition A(7y) associated to -, which is defined case by case as follows:

o If X = A C, A(v) has m; columns of height ¢ for each 1 < i < n;

e If X = B, A(y) has m; columns of height i for each 1 < i < n — 1, and m,,/2
columns of height n;

e If X = D, A(y) has m; columns of each height i for each 1 < ¢ < n — 2,
min(m,_1,m,) columns of height n — 1, and |m,, — m,_1|/2 columns of height
n. Color columns of height n using color 1 if m,, > m,,_; and color 2 if m,, < m,,_1.

We use French notation for partitions here, where we adjust the columns at the bottom. In
cases where the above formulas involve a fractional number x of columns at some height,
we denote this by putting |z] columns in addition to a single column of half width. Notice
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»—lOO»hII
w
w

[1e[3]e[1]e[3 ] 2]8[3]0[3] —

Figure 3: An element of B(ws + 2ws) of type Cy as realized inside the tensor product
B(w1)®" of seven copies of the standard crystal, and the corresponding tableau. For
explicit conditions on which tableaux appear in this correspondence, see [33].

that this can only happen for columns of height n, and at worst we get a single column
of width 1/2.

Definition 3.2. Fix a dominant integral weight v. We say 7 is a non-spin weight if
e In types A, and C,, no conditions.

e In type B,, A(v) does not contain any column of width 1/2 (or equivalently, m,, is
even).

e In type D,, A(7y) has no columns of height n (or equivalently, m,_; = m,,).

In the case when A = A(+y) does not contain a column of width 1/2, the highest weight
crystal B() embeds in the M-th tensor power of B(w;), where M is the number of boxes
in the partition A. Furthermore, the image of B(7) is contained in the set of x); ® - - - @
such, when entered into the Young diagram A in order moving up columns and right
to left (see Figure 3), the result is weakly increasing along rows and, if you ignore the
symbols 0 in type B and n,n in type D, also strictly increasing up columns. We refer
to fillings which occur in the image of B(7) as Kashiwara—Nakashima (KN) tableaux.
Precise conditions describing KN tableaux are given in [33]. The crystal structure on the
set of KN tableaux is inherited from the crystal structure on B(w;)®M. Modifications of
this construction dealing with spin weights are given in [33].

Remark 3.3. The above construction of B()) in type D,, goes through without modifi-
cation in the case n = 3, when D3 = A3. Thus we have two realizations of the crystal in
this case.

3.2 Branching rules and + diagrams

We now describe branching rules for certain representations of X,,, where X = B,C or
D.

Definition 3.4. Fix a non-spin weight v (see Definition 3.2), and set A = A(y). A £
diagram P with outer shape A is a sequence of partitions A C p C A such that A/u and
w/A are horizontal strips (i.e. every column contains at most one box). We depict a +
diagram by filling /A with the symbol + and those of A/p with the symbol —. We make
the additional type dependent modifications and restrictions:
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(i) In type Cy, A has no columns of height n.

(ii) In type By, A has no columns of height n. Additionally, we allow the + diagram to
contain an extra symbol 0. There can be at most one 0, this must occur at height
n, must be to the right of all 4+ at height n, and to the left of all 0 at height n, and
must be the only symbol in its column.

(iii) In type D,,, columns of A of height n — 1 are either all colored 1 or all colored 2.

We denote by outer(P) = A the outer shape of P and by inner(P) = X the inner shape
of P.

Embed X,,_; into X,, by removing node 1 from the Dynkin diagram of type X,,. In the
special cases of By, Cy and Ds, removing the node 1 gives a Dynkin diagram of a different
type (A1, Ay, and A; x Ay, respectively). By abuse of notation, we use the symbol X,,_;
to mean this new diagram in these special cases. Although these special cases are not
explicitly mentioned in [10], the proof of Theorem 3.5 goes through without change.

Theorem 3.5. (see [10, Section 3.2]) Fix a non-spin dominant integral weight ~ (see
Definition 3.2) for ¢ = X, and let A = A(vy) (see Definition 3.1). Then there is a
bijection between + diagrams P with outer shape A and X, _1 highest weight elements in
B(A). This can be realized in terms of KN tableaux by the following algorithm.

(i) For each + at height n, fill that column with 12...n.

(ii) Replace each — with a 1 and, if there is a 0 in the & diagram, place a 0 in that
position of the tableauz.

(11i) Fill the remainder of all columns by strings of the form 23 ... k.

(iv) Let S be the multi-set containing the heights of all the + in P of height less than n.
Movwe through the columns of A from top to bottom, left to right, ignoring the columns
12...n of step (i), modifying the tableaux as follows. FEach time you encounter a
1, replace it with h + 1, where h is the largest element of S, and delete h from S.
Each time you encounter a 2 which is at the bottom of a column, replace the string
23...k in that column by 12...h h+ 2...k, where h is the largest element of S,
and remove h from S. Once S is empty, stop.

(v) In type D,, if the + diagram has empty columns of height n — 1 colored 2, change
all occurrences of n at height n — 1 to 7.

Furthermore, two £ diagrams P and P’ correspond to X,,_1 highest weight vectors of the
same X,_1 weight if and only if inner(P) = inner(P’). O
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Remark 3.6. Definition 3.4 part (iii) differs from the statement in [10], since in that
paper there were no colorings for columns of height n — 1. These colorings are needed, as
can be seen by considering the branching rules for B(w,_1 + wy,) for Dy:

B BE

where the fourth £+ diagram is considered of color 1 and the fifth of color 2.

Definition 3.7. Let v be an integral highest weight of type X,, and write v = mjw; +
Maws + -+ + + My_1Wp_1 + Muw,. We call v a case (AUT) weight if it satisfies:

o If X = (), no conditions;
e If X = B, assume m,, = 0;
e If X =D m,=m,_1=0.
Note that in all these cases, A(7y) is an ordinary partition.

Remark 3.8. The term “case (AUT)” in Definition 3.7 is motivated by the fact that
these are exactly the classical highest weights that appear in case (AUT) KR crystals, as
defined in Section 4 below.

Remark 3.9. All case (AUT) weights are non-spin, as in Definition 3.2. Furthermore,
if one starts with a case (AUT) weight ~, then the X,,_; weights which appear in the
decomposition from Theorem 3.5 will all be non-spin weights, and the X,,_; highest weight
7' corresponding to the + diagram P will satisfy A(7') = inner(P).

3.3 Nested + diagrams

If v is a case (AUT) weight, n > 3 in type B,,C,, and n > 4 in type D,, it follows
immediately from Section 3.2 that the branching rule from X,, to X,,_5 can be described
using pairs of + diagrams P and p with outer(P) = A(y) and inner(P) = outer(p). We
call such pairs of + diagrams nested. The following result from [55] gives an explicit
description of the action of e; on an X, 5 highest weight vector in terms of pairs of +
diagrams. Since e; commutes with all e; for j > 3, this completely describes e;.

Pair off the symbols in (P, p) according to the rules

e Successively run through all 4+ in p from left to right and, if possible, pair it with
the leftmost yet unpaired + in P weakly to the left of it.

e Successively run through all — in p from left to right and, if possible, pair it with
the rightmost yet unpaired — in P weakly to the left.

e Successively run through all yet unpaired + in p from left to right and, if possible,
pair it with the leftmost yet unpaired — in p.
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Notice that a £+ diagram is uniquely determined by its outer (or inner) shape along with
the number of each symbol +, —, and 0 on each row. Similarly, a pair (P,p) of nested
+ diagrams is uniquely determined by its intermediate shape int(P,p) = outer(p) =
inner(P), along with the data of how many of each symbol is in each row of P and of p.
Since e; commutes with e; for all 7 > 3, the following gives a complete description of the
action of e; on the crystal:

Lemma 3.10. [55, Lemma 5.1] Let v be a case (AUT) weight and fix a pair (P,p) of
nested + diagrams such that outer(P) = A(v). Let b be the corresponding X,,_o highest
weight vector in B(y). If there are no unpaired + in p and no unpaired — in P, then
e1(b) = 0. Otherwise, e1(b) is the X, _o highest weight element corresponding to the pair
of £ diagrams (P',p") described as follows.

If there is an unpaired + in p, let k be the height the rightmost unpaired + in p.

o [f there is a — directly above the chosen + in p, then int(P,p)/int(P',p') is a single
box at height k + 1. All rows of P and p have the same number of each symbol
except: There is one more + in P at height k + 1; there is one less — in p at height
k + 1; there is one less + and one more — in p at height k.

e Otherwise, int(P,p)/int(P’,p') is a single box at height k. All rows of P and p have
the same number of each symbol except: There is one more + in P at height k; there
15 one less + in p at height k.

Otherwise let k be the height of the leftmost unpaired — in P.

o [fthere is a + directly below the chosen — in P, then int(P’,p')/int(P,p) is a single
box at height k — 1. All rows of P and p have the same number of each symbol
except: There is one less — and one more + in P at height k; there is one less +
i P at height k — 1; there is one more — in p at height k — 1.

e Otherwise, int(P',p")/int(P,p) is a single box at height k. All rows of P and p have
the same number of each symbol except: There is one less — in P at height k; there
1s one more — in p at height k.

In type B, in every case, the number of Os in p remains unchanged (P cannot contain 0
since we are assuming that v is in case (AUT)).

Remark 3.11. In principle, one could build a new combinatorial model for type B,,
C,, D,, crystals using nested 4 diagrams, where the crystal operators would be given by
Lemma 3.10. That is, the tableaux would consist of n — 1 nested + diagrams in type
B, C, and n — 2 nested 4+ diagrams in type D,,, along with some extra data recording
an element in a representation of A; (or A; x A; in type D,). This would have some
advantages over KN tableaux, in that branching rules would be more readily visible. Such
tableaux may also be more convenient for working with KR crystals.
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4 Realizations of KR crystals

Explicit combinatorial models for KR crystals B™® for the non-exceptional types were
constructed in [10]. In this section we recall and prove some properties that we need for
the definition of the energy function in Section 5 and Lemma 7.2.

The results are presented for three different cases:

(IRR) The classically irreducible KR crystals B™*:
Ag) 1<r<n
DT(}) r=n—1n
D,(izl r=n
cV r=n

(AUT) KR crystals B"™* constructed via Dynkin automorphisms:
DS) 1<r<n—-2
BT(LU 1<r<n—-1
Agi)_l 1<r<n

(VIR) The remaining virtually constructed KR crystals:
Bfll) Bms
07(11) B forl1<r<n
D®, Brifor1<r<n
Agi) B for 1 < r < n.

In Section 4.1 we present the classical decomposition of the KR crystals in the various
cases. Case (IRR) is discussed in Section 4.2. This case is well-understood, and we simply
state the facts we need. Case (AUT) is handled in Section 4.3. This time we discuss the
realizations in more detail, and prove a technical lemma. Case (VIR) is handled in
Sections 4.4, 4.5 and 4.6. Following [10], we realize these KR crystals as virtual crystals,
using a combination of the similarity method of Kashiwara [29] and the technique of

virtual crystals developed in [51, 52, 10]. We refer to crystals obtained using both of
these methods as virtual crystals.

4.1 Classical decompositions of KR crystals
Set

1] for type AW and 1 <r<n
for types C’,(LU, Dfﬁl and r =n
for type DY and r =n — 1,n

¢ = { vertical domino for type D and 1 < r < n— 2 (4.1)
for types BY, Aéi)fl and 1 <r<n

horizontal domino for types C’T(LI), Dﬁf’jl and 1<r<n

box for type Agi) and 1 <r < n.

\
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Then every B™* decomposes as a classical crystal as
B = P BN, (4.2)
A

where the sum is over those A such that A(\) (see Definition 3.1) can be obtained from the
rectangle A(sw,) by removing some number of ¢, each occurring with multiplicity 1. In
the untwisted case this was obtained by Chari [3]. In the twisted case, it was conjectured
in [16, Appendix A] and proven by Hernandez (see [19, Section 5]).

4.2 Classically irreducible KR crystals (case (IRR))

As a {1,2,...,n}-crystal, B = B(rws). For example, the realization of the KR crystal
B™® of type AV is well-known in terms of rectangular Young tableaux of shape (s").
We refer the reader to e.g. [10, Section 4.1] for details. The construction of the other
irreducible KR crystals can be found in [10, Section 6]. We only need the following fact,
which follows immediately from the explicit models.

Lemma 4.1. Let B™® be a KR crystal of type g for one of the cases in case (IRR). Then
for all b € B™®, g4(b) < s.

4.3 KR crystals constructed via Dynkin automorphisms (case

(AUT))

Let g be of type Dg), BY or Agl)_l, with the underlying finite type Lie algebra of type
X, = Dy, B, or C,, respectively. Fix s > 0 and r so that B™* is in case (AUT). Consider

the classical crystal
cr =P BN),

where the sum is over all A such that A(\) (see Definition 3.1) can be obtained from A(sw.)
by removing vertical dominos. As in Section 3.2, the X,,_; highest weight elements in
C™* (i.e. the highest weight element for the algebra with Dynkin diagram /\{0,1}) are
indexed by + diagrams whose outer shape can be obtained from A(sw,) by removing
vertical dominos.

Definition 4.2. Define the involution ¢ on the X,,_; highest weight vectors of C"*, as
indexed by + diagrams, as follows. Let P be a + diagram with outer(P) = A and
inner(P) = A. Foreach 1 <i<r—1:

(i) If i =r —1 (mod 2) then above each column of A of height i, there must be a + or
a —. Interchange the number of such + and —.

(ii) If i = r (mod 2) then above each column of X of height i, either there are no signs
or a F pair. Interchange the number of columns of each type.

By Theorem 3.5, this can be extended in a unique way to an involution ¢ on C"*.
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Theorem 4.3. [55, 10] Fiz g and a KR crystal B™* in case (AUT). Define operators ey
and fo on C™*° by ey :=coej o and fy :=¢co frog. Then C™ along with these new
operators is isomorphic to B™. [

Lemma 4.4. Fiz g and a KR crystal B™® as in case (AUT). Consider the realization of
B™* given in Theorem 4.3. Fix b € B™*, and assume b lies in the component B(v) and
eo(b) lies in the classical component B(v'). Then

(i) A(7') is either equal to A(), or else is obtained from A(vy) by adding or removing a
single vertical domino.

(ii) If eo(b) > s, then A(%') is obtained from A(v) by removing a vertical domino.

Proof. Recall that for b € B™* by definition ey(b) = soej o(b). Since eg and e; commute
with e; for i = 3,4,...,n, they are defined on X,,_5 components, which are described by
pairs of + diagrams (P, p). Consider the 1-string {bg, b1, ..., by} where b; = €} o ¢(b) with
corresponding + diagrams (P;, p;). By Lemma 3.10 there exists a 0 < j < k such that:

(a) For 0 < ¢ < j, P4y is obtained from P; by the addition of one box containing —+;
the + are added from right to left with increasing 7.

(b) For j <i < k, Py, is obtained from P; by the removal of one box containing —; the
— are removed from left to right with increasing 7.

Recall that ¢ interchanges + and — in columns of height congruent to 1 (mod r) and
F-pairs and empty columns of height congruent to 0 (mod 7). Empty columns of height
r are left unchanged. Since the width of the diagrams is at most s, we can only have
£o(b) > s if we are in case (a) above and the + is added at height strictly smaller than 7.
Then there are two cases:

e The + is added below a — in F.
e The + is added in an empty column in F,.

In both cases it is easy to check from the rules of ¢ that a vertical domino is removed
from the outer shape.

In all other cases, applying e; to ¢(b) only adds or removes a single symbol to/from
the corresponding + diagram P, so from the definition of ¢ and the fact that eg = ¢oe;og,
it is clear that A(y') differs from A(y) by at most one vertical domino, and the lemma
holds. O

4.4 B of type C\" for r <n (in case (VIR))

The KR crystals of type CV are constructed inside an ambient crystal of type Agi) 1
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Theorem 4.5. [10, Section 4.3, Theorem 5.7] Fix n > 2 and r < n. Let B™* be the
KR crystal corresponding to type Agi)ﬂ, with crystal operators éq, ..., é,41. Let V be the

subset of all b € B which are invariant under the involution < from Definition 4.2.
Define the virtual crystal operators e; == €;11 for 1 < i < n and ey := épéy;. Then V' along

with the operators ey, .. ., €, is isomorphic to B™* for type 07(11).
Here the operators f; and f; are defined by the condition f;(b) = b if and only if
ei(b') = 0. O

Recall that as a classical crystal, B™® of type 07(11) decomposes as in (4.2).

Lemma 4.6. Let B™® with r < n be the KR crystal of type cV. Fizbe B™*, and assume
b lies in the component B(~y) and ey(b) lies in the classical component B(~'). Then

(i) A(v') is either equal to A(v), or else is obtained from A(vy) by adding or removing a
single horizontal domino.

(i1) Ifeo(b) > [s/2], then A(v') is obtained from A(~y) by removing a horizontal domino.

Proof. Realize the crystal B™® of type OV inside the ambient crystal Brs of type Agff 41

using Theorem 4.5. Denote the embedding by S : B"* < B, and set b = S(b). Let (P, p)
be the pair of + diagrams associated to the {3,4,...,n+ 1} highest weight corresponding
to I;, and let v be the highest weight of b as a C,, C cM crystal. Since ey = €€y and
e; = €41, A(y) = inner(P).

Recall from [10, Section 4.3] that S(b) is invariant under ¢, hence in particular P is

A

invariant under ¢. Also, as operators on B™*,
S(eg) = é16g = é1 0606106 =¢; 060 éy. (4.3)

By Lemma 3.10, é; either moves a + from p to P, or moves a — from P to p. That is,
outer(P) is unchanged, inner(P) only changes by a single box, and, except for the new
+ or missing —, the number of + and — on each row of P is unchanged. Also, in all
situations ¢ preserves inner(P). Thus (4.3) implies that inner(P) can change by at most
2 boxes. This along with the description of the classical decomposition of B™* implies
part (i).

Now assume that e9(b) > [s/2]. Since P is ¢-invariant, it is clear that there can be
at most |s/2] symbols — in P. Since £¢(b) = &,(b) > s/2, by the description of é; from
Lemma 3.10 we see that é; must move a + from p to P. There are three cases:

(a) The + is added below a — in P.
(b) The + is added in an empty column in P at height less than r.

(c) The + is added in an empty column in P at height r.
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It is not hard to check that in case (a), in ¢oé;(P), there is one less + in row k+ 1 and
one more empty column of height k£ — 1 compared to P, and everything else is unchanged.
Since both P and é; oo é;(P) are invariant under ¢, the only possibility is that the final
¢; must add another 4 to row k. Thus two symbols have been added to P in row k, which
has the effect of removing a horizontal domino from inner(P).

In case (b), in g o é;(P), there is one less F-pair in row k + 1 and one more — in row
k and everything else is unchanged. Again since é; oo ¢é;(b) has to be invariant under ¢,
the only possibility is that é; adds another + to row k of ¢ o é;(P). Thus S(eg) removes
a horizontal domino from inner(P).

In case (c), P has at least one column with no symbols, and so P contains at most
|(s —1)/2] symbols —. Since &;(b) = go(b) > [s/2], there are at least 2 uncanceled + in
p. Consider the double + diagram (P’,p') for ¢ o é;(b). This differs from (P,p) by: P’
has an extra — at height r, and p’ has one less +. Looking at the cancelation rules before
Lemma 3.10, there is still an uncanceled + in p’ (corresponding to the second uncanceled
+ in p). Thus the second é; moves another + into P’. So in total S(ep) = é; 060 é;
decreases the inner shape of P by 2 boxes, which must remove a horizontal domino. [

4.5 B" in type B (in case (VIR))
Theorem 4.7. (see [10, Lemma 4.2]) Let B™s be the KR crystal of type Aéi)_l with

crystal operators €y, ..., €,. Let V' be the subset of B™s which can be reached from the
classical highest weight element in B™® of weight sw, using the virtual crystal operators
e, = €2 for0 <i<n-—1,e, =é,. ThenV along with the operators ey, ..., e, is

isomorphic to B™* for BY.

Furthermore, the type By, highest weight vectors in V' are exactly the type C, highest
weight vectors in B™* that can be obtained from A(sw,) by removing 2 X 2 blocks.

Proof. The virtual crystal realization is proven in [10, Lemma 4.2]. The classical decom-
position of B™*® as a type B, crystal is

@ B(kLwL + kL+2wL+2 + -+ kn72wnf2 + knwn);
k

where « = 0,1 so that ¢ =n (mod 2), wy = 0, and the sum is over all nonnegative integer
vectors k such that 2k, + --- + 2k,_2 + k, < s. As discussed in [10, Lemma 4.2], the
highest weight vectors for each of these components must be classical type C,, highest
weight vector in the ambient crystal Bms of weight

2kLwL + 2kb+2wb+2 + o+ 2]{”,20.}71,2 + knwn-

The weight of these highest weight vectors in the ambient crystal are exactly those v such
that A(y) is obtained from A(sw,) by removing 2 x 2 blocks. The result follows. O

Lemma 4.8. Let B™® be the KR crystal of type BY. Fizbe B™*, and assume b lies in
the component B(y) and ey(b) lies in the classical component B(v'). Then
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(i) A(v') is either equal to A(v), or else is obtained from A(vy) by adding or removing a
single vertical domino.

(11) If eo(b) > [s/2], then A(%') is obtained from A(v) by removing a vertical domino.

Proof. For part (i), use the fact that by the virtual realization from Theorem 4.7, ¢y = é3.
So, it follows from Lemma 4.4 that ey adds or subtracts at most 2 vertical dominoes. By
Theorem 4.7, the only possibilities are that ey either leaves the shape unchanged, or adds
or subtracts a single 2 x 2 block.

Part (ii) follows since, if go(b) > [s/2], then £3(b) > s + 2. Hence applying ey = é3
subtracts 2 vertical dominoes by Lemma 4.4, which as above must fit together as a 2 x 2
block. O

n

4.6 The KR crystals of type Agi) and D(2+)1 in case (VIR)

We now present the virtual crystal construction of the KR crystals B™® of types Agi) and
Df—&)-l of case (VIR), and then prove the analogue of Lemma 4.4 in this setting.

Theorem 4.9. [10, Section 4.4, Theorem 5.7] Fix n > 2. Let B2 be the KR crystal

corresponding to type C’,(Ll), with crystal operators €y, ..., é,. In each case below, let V' be
the subset of B™?* which can be reached from the classical highest weight element in B2
of weight 2sw, using the listed virtual crystal operators:

(i) Let 1 < r < n. Definee; :=¢é? for 1 <i<n—1, e = é, and e, := ¢é,. Then
V,( )a,long with the operators eq, . .., ey, is isomorphic to the KR crystal B™® for type
pe

n+1-
(ii) Let 1 < r < n. Define e; :=¢é? for 1 <i<n andey:=éy. Then V along with the
operators eg, ..., e, is B™® for type Aéi)
Here the operators f; and f; are defined by the condition fi(b) =" if and only if e;(V') = b.
Lemma 4.10. Consider B™* of type Dr(iZl with r < n, or of type Agi) with 1 < r < n.

Fiz b € B™*, and assume b lies in the classical (type B, or C,, respectively) component
B(7), and ey(b) lies in the classical component B(~'). Then

(i) A(7') is either equal to A(7), or else is obtained from A(v) by adding or removing a
single box.

(ii) If eo(b) > s, then A(%') is obtained from A(v) by removing a boz.

Proof. Let B™ be the ambient KR crystal of type M with crystal operators é; as in
Theorem 4.9. Denote the virtualization map S : B™® — V C Br2s. Recall that V is the
subset of B2 generated by the element of weight 2sw, by applying the virtual crystal
operators é;:

(i) In type Dgl, eo = €g, €n = €, and e; = é2 for 1 <i < n—1.
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(ii) In type Aéi), eg = €g, and ¢; = é2 for 1 < i < n.

By Lemma 4.6, ¢y changes the classical component of the underlying KR crystal of
type otV by adding or subtracting at most one horizontal domino, and furthermore if
£0(S(b)) > s, then éy always removes a horizontal domino. The result now follows imme-
diately from the description of the classical components of these virtual crystals as given
in [10, Lemma 4.9].

Note that in the case of Aéi) with 7 = n, B™2 is not a KR crystal of type V. How-

ever, Theorem 4.5 still gives a type C'V combinatorial crystal in this case and Lemma 4.6
still holds. So the proof still goes though in this case. O]

5 Energy functions

We define two energy functions on tensor products of KR crystals. The function E™
is given by a fairly natural “global” condition on tensor products of level-¢ KR crystals.
The function D is defined by summing up combinatorially defined “local” contributions,
and makes sense for general tensor products of KR crystals. It was suggested (but not
proven) in [52, Section 2.5] that, when E™ is defined, these two functions agree up to a
shift. This will be proven in Theorem 7.5 below.

5.1 The function E™

Definition 5.1. For each node r € I\ {0} and each ¢ € Z-q, let u, 4, be the unique
element of B such that e(u, s, ) = ¢\ (which exists as B is perfect).

The following is essentially the definition of a ground state path from [25].

Definition 5.2. Let B = BV~ @ ... @ B be a composite level-¢ KR crystal.
Define up = uf§ ® - - ® uk to be the unique element of B such that

(i) up = tr, e, and
(i) for each 1 < j < N, e(uy™) = p(uly).

This up is well-defined by condition (v) in Definition 2.4 of a perfect crystal. The element
up is called the ground state path of B.

Definition 5.3. Let B be a composite KR crystal of level ¢ and consider up as in Defi-
nition 5.2. The intrinsic energy function E™ on B is defined by setting E™(b) to be the
minimal number of fy in a string f;, - - - fi, such that f;, --- fi,(ug) = b.
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5.2 The D function

Definition 5.4. The D-function on B™® is the function defined as follows:
(i) Dprs : B™® — Z is constant on all classical components.

(ii)) On the component B(A), Dpgrs records the maximum number of ¢ that can be
removed from A(A) such that the result is still a (generalized) partition, where ¢ is
as in (4.1).

In those cases when ¢ = (), this is interpreted as saying that Dpg:s is the constant function
0.

Let By, By be two affine crystals with generators v; and vy, respectively, such that
B ® By is connected and v1®@vs lies in a one-dimensional weight space. By [39, Proposition
3.8], this holds for any two KR crystals. The generator v for the KR crystal B™* is chosen
to be the unique element of classical weight sw;.

The combinatorial R-matriz [25, Section 4] is the unique crystal isomorphism

UIBQ®31—>31®B2-

By weight considerations, this must satisfy o(vy ® v1) = v1 ® vs.
As in [25] and [51, Theorem 2.4], there is a function H = Hp, p, : Bo ® By — Z,
unique up to global additive constant, such that, for all b, € By and b, € By,

—1 if2 =0 and LL,

0 otherwise.

Here LL (resp. RR) indicates that ey acts on the left (resp. right) tensor factor in both
by ®by and o(ba®b;). When By and B, are KR crystals, we normalize Hg, g, by requiring
Hp, g, (v ® v1) = 0, where v; and v, are the generators defined above.

Definition 5.5. For B=B"V*N®...®@ B™* 1 <1< Nand?<j <N, set
D; == Dprisio109---0;-1 and Hj,i = Hi0i410442 "+~ 051,

where o; and H; act on the i-th and (i41)-st tensor factors and Dpr;.s; is the D-function on
the rightmost tensor factor B™% as given in Definition 5.4. The D-function Dg: B — Z
is defined as

N
1

Nzj>iz1 i=

Where it does not cause confusion, we shorten Dp to simply D.
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6 Perfect KR crystals and Demazure crystals

We now state a precise relationship between KR crystals and Demazure crystals (see
Theorem 6.1). This was proven by Fourier, Schilling, and Shimozono [12], under a few
additional assumptions on the KR crystals since at the time the existence and combi-
natorial models for KR crystals did not yet exist. Here we point out that most of the
assumptions in [12] follow from the later results of [49, 50, 10, 11] showing that the relevant
KR crystals exist, have certain symmetries related to Dynkin diagram automorphisms,
and are perfect. In the special cases of type Agi) and the exceptional nodes in type DS),
we give separate proofs as the assumptions from [12] do not follow directly from the above
papers or need to be slightly modified.

Theorem 6.1. Let B = B™V!'x @@ B™ be a level-0 composite KR crystal of non-
exceptional type. Define A = —(cp,wpr+ - +crywpx ), where r* is defined by wy- = —wo(wy)

with wy the longest element of W, and write t) € T(M) C W as ty = vr. Then there is
a unique tsomorphism of affine crystals

j: B(tA, ) = B ® B({Ay).

This satisfies
J(Uea, o)) = U @ Uep,,

where ug is the distinguished element from Definition 5.2, and
J (B’U<£AT(0))) =B® UgAg s (61)

where B,({A;)) is the Demazure crystal corresponding to the translation ty as defined in
Section 2.9.

We delay the proof of Theorem 6.1 until the end of this section.

Remark 6.2. For non-exceptional types, we have r* = r except for type Ag) where
r*=n+1—r, and D{" for n odd where n* =n — 1 and (n—1)" =n.

Lemma 6.3. Assume g is of non-exceptional type, and let B be a level-¢ KR crystal.
Then:

(i) There is a unique element u € B™*" such that
e(u) =LAy and @(u) = LA (),
where t_. ., . =vr withv € W and 7 € X.
(ii) Let s be the Dynkin diagram automorphism defined by

o For type AY, i—i+1 (mod n+1).

e For types Bf(Ll), DS), A;i)_l, exchange nodes 0 and 1.
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o For types i and Dfizl, t—mn—1 foralliel.

In all cases other than type Agi) and B"Y% and B™* for type DT(ll), there is a unique
involution of B™*r, also denoted <, such that for allb € B™ and i € I,

filb) =<7 o fopy o s (b).

Remark 6.4. Lemma 6.3 was stated as [12, Assumption 1] (with the misprint ¢_, .,
instead of t_,, . in (i)). This Assumption also included the requirement that B is
regular. Since we now know that B"" is the crystal of a KR module by [49, 50, 10],
this is immediate, and so we do not include it in Lemma 6.3. The statement in [12] also
included an additional assumption for type Agi), which we omit as we deal with type Agl)
separately.

Proof of Lemma 6.5. By perfectness of B™*" for non-exceptional types [11], there exists
a unique element u € B such that e(u) = fAg. These elements are listed for all
non-exceptional types in Figure 4. It is easy to check explicitly that these also satisfy
o(u) = lA;), where 7 is as listed. Furthermore, one can easily check that all these 7
satisfy the remaining conditions of (i).

The combinatorial model for B™® of type AV uses the promotion operator which
corresponds to the Dynkin diagram automorphism mapping ¢ — ¢ + 1 (mod n + 1).
Similarly, the KR crystals in case (AUT) are constructed using the automorphism ¢ (see
Section 4.3).

By Theorem 4.7 the KR crystal B™% of type BY can be constructed as a virtual
crystal inside B™% of type Aéi)_l with eg = é2 and e; = ¢é%. The virtual crystal is
constructed using the analogue of the Dynkin automorphism ¢ exchanging 0 and 1, so
that eg = é3 = (¢¢1$)(Sé1¢) = <é3¢ = Seq¢. Furthermore, by [10, Lemma 3.5] the image
of B in the ambient crystals B is closed under ¢. Hence on B™2 of type B there
also exists an isomorphism interchanging nodes 0 and 1, induced by <.

It was shown in [10, Theorem 7.1] that B™* of types cV and Dr(izl admit a twisted
isomorphism ¢ corresponding to the Dynkin automorphism mapping i +— n — i for ¢ € I.
This shows (ii). O

For B a crystal of affine type and 7 € Aut(T"), where I' is the affine Dynkin diagram,
let BT be the crystal with the same underlying set as B, but where ¢] = 7oe; o7 ! and

fr=7o0fior L.

Lemma 6.5. Let I' be a non-exceptional affine Dynkin diagram and T € X. Then
(B™*)T = B™* for allr € I\ {0} and s > 1.

Proof. Fix 7 € ¥. By Lemma 2.8, there exists w, € W such that

A (6.2)

1
1

—_
L
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’ Type ‘ u € Brter r ‘ Cr ‘ T

AP e, 1<r<n 1 |pr"

B | u(0) I1<r<n,reven |1 |id
u(lAy) 1<r<n,rodd 1<
u(0) r =n even 2 |id
u(lAy) r =n odd 2 | s

e [ u) 1<r<n 2 |id
u(lA,,) r=mn 1]¢o

DY () I1<r<n-—2reven|1 |id
u(lAq) I1<r<n—2,70dd | 1 |51$-1n
U(ﬁAn_l) r=n-—1 1 <<—>§o,1€ﬁf11’n
u(lA,,) r=n L | SoSn1m

AP (o) I<r<n,reven |1 |id
u(lAy) 1<r<n,rodd 1|01

D () 1<r<n 1]id
u(lA,,) r=mn 1 |¢e

AP [ u(0) 1<r<n 1]id

Figure 4: The elements u and related data. Here u()) is the highest weight vector in the
classical component B(\), pr is the map ¢ — ¢+ 1 (mod n + 1), and g1 (resp. Sn-1.4)
is the map that interchanges 0 and 1 (resp. n — 1 and n) and fixes all other i. The
map <. is ¢ — n — 7. In the expression for 7 the maps act on the left, so that e.g.

660.1(1) = ¢ (0) = n.

commutes, where ¢ is the map that takes i to «; for all i # 0, and 0 to —6 (where
0 = 3§ — o). Thus the character of (B™*)™ as a {1,2,...,n}-crystal is in the Weyl group
orbit of the character of B™* asa {1,2,...,n}-crystal, and hence by Weyl group invariance
these are equal. By the classification of classical crystals, it follows that (B™*)” = B™* as
a {1,2,...,n}-crystal. Thus the lemma follows by Lemma 2.6. O

Lemma 6.6. Theorem 6.1 holds in type DV,
Proof. For B = B™ with 1 < r < n—2, Lemma 6.3 shows that [12, Assumption 1] holds,
and so Theorem 6.1 holds by [12, Theorem 4.4].

Now consider B™*, noting that c, = 1. We need the following notation:

e As in Theorem 6.1, n* is defined by w,« = —wo(w,), so that (wf )~1 = w?.

e wi € W is of minimal length such that wf(w,) = wo(wy),

e w? is of minimal length such that w2 (wy-) = wo(wp+),

e 7, and 7,« are the 7 from Table 4 for r = n,n* respectively.
As in [12, Equation (2.10)] (but noting that due to differing conventions their 7, is our
),

tow. = (W) ) T = Wi (6.3)
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Since w (¢A,,) = wo(¢A,,), we see that
ng(gAn) = Bw()(gAn) = {f:}n\/N tee fiTluéAn I mq,...,MN > O}, (64)

where s;, - - - s, is a reduced word for wy and the last equality follows by [27, Proposition
3.2.3] (or see Section 2.9 above).

As in Section 4.1, B™ is isomorphic to B(¢A,,) as a classical crystal. The element u
from Figure 4 is the highest weight element u(¢A,,) of weight ¢A,,. It satisfies (u(lA,,)) =
(Ag and @(u(¢A,)) = (A,. Furthermore B™* is perfect of level £ so, as in [25], there is a
unique isomorphism

B(A,) — B™ @ B(lA)

6.5
UgA,, —> U(EAN) X UgAg - ( )

Since €;(un,) = @i(uen,) = 0 for all i # 0, (6.4) and (6.5) imply
J (Bug (tA)) = B™ @ ugn,. (6.6)

Since 7,,(0) = n, we have proven Theorem 6.1 for B = B™*. A similar argument shows
that Theorem 6.1 holds for B = B"~ 1=,

By Lemma 6.5, each automorphlsm 7 € ¥ induces a bijection of B™ to itself that
sends i arrows to 7(i) arrows. Thus, as in [12, Theorem 4.7], a straightforward induction
argument shows that Theorem 6.1 holds for all composite level-/ KR crystals. O

Lemma 6.7. Theorem 6.1 holds in type Agi)

Proof. In [12] a proof of Theorem 6.1 was given, but not with the concrete combinatorial
model %wen in Theorem 4.9. The only place, where the concrete combinatorial model for
type A is used in [12] is in the proof of [12, Lemma 4.3]. Thus we must verify that
this lemma holds with the explicit realization of KR crystals for this type from [10] or
equivalently Theorem 4.9. Let S : B™ — B;?S be the unique injective map from the

combinatorial KR crystal of type Aéi) to the KR crystal of type OV such that
S(e;b) =em™S(b)  and  S(fib) = f™S(b) forallielandbe B™,

where m = (myg, ..., my) = (1,2,...,2). Using the explicit realization of B"? (1 it is not

too hard to check that for the classmally highest weight element u(swy) € B(swk) C B"*
for k < rand y ;== Sy Sk(u(swy)) (where S; is f; raised to the maximal power), we
have S(fgy) = S(u(swi41)). Thus [12, Lemma 4.3] holds. Furthermore, in this case 7 is
always the identity. Thus Theorem 6.1 holds by [12, Theorem 4.7]. O

Proof of Theorem 6.1. If X = DY or Agi), the Theorem holds by Lemmas 6.6 and 6.7.
In all other cases, Lemma 6.3 shows that [12, Assumption 1] holds. Furthermore, in all
these cases X is generated by the diagram automorphism ¢ from Lemma 6.3. Thus the

theorem holds by [12, Theorem 4.7]. O
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7 The affine grading via the energy function

In this section, we show that for B = B"™V‘~ @ ... ® B™n a composite level-¢ KR
crystal the map 7 from Theorem 6.1 intertwines the D function from Section 5.2 with the
affine degree deg given in Definition 7.1 below up to a shift. This allows us to show that
j intertwines E™ with deg exactly, and in particular E'™ agrees with D up to a shift.

Definition 7.1. For any Demazure crystal B,(A), where w € W and A is a dominant
integral weight, let
deg : By,(A) = Z=o

be the affine degree map defined by deg(us) = 0 and each f; has degree 6, .

We begin by two preliminary lemmas, first for a single KR crystal and then tensor
products of KR crystals.

Lemma 7.2. Fiz a KR crystal B™® of type g. Then D(ey(b)) = D(b) — 1 for allb € B™*.
Furthermore, if e9(b) > [s/c,.|, then we have D(eyg(b)) = D(b) — 1.

Proof.

e Case (IRR): In this case ¢ = (), so that by Definition 5.4 the D function is
the constant function 0 which satisfies D(eg(b)) = D(b) — 1 for all b € B™*. By
Lemma 4.1 we always have €y(b) < s/c¢, since ¢, = 1.

e Case (AUT): In this case ¢ is a vertical domino. The statements follow immedi-
ately from Lemma 4.4 since again ¢, = 1 in all cases.

e For B™* of type OV with r < n, we have ¢, = 2 and ¢ is a horizontal domino. The
result follows from Lemma 4.6.

e For B™* of type Br(Ll), we have ¢, = 2 and ¢ is a vertical domino. The result follows
from Lemma 4.8.

e For B™* of types Agl) with 7 < n and Dgl with 7 <n — 1, we have ¢, =1 and ¢ is
a single box. The result follows from Lemma 4.10.

]

Lemma 7.3. Let B= B"™V*N ®---® B"™* be a tensor product of KR crystals and fix an
integer € such that € > [sg/ci| for all1 < k < N. If eo(b) # 0 then D(eg(b)) = D(b) — 1,
and if e9(b) > € then this is an equality.

Proof. Write b=by ® -+ ® by. For some N > k > 1,
eo(b) =by @ - @ eg(by) @ - @ by

Let
blN®®b,1 :Ul"'O'k_l(b).
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Since each o; commutes with the action of e,
oDy ®@ - @b)) =by®---®eo(b,) @@
for some k > ¢ > 1. Foreach 1 <z < N, let

D¥= " H,,+D,, (7.1)

1<y<x

where H,, and D, are as in Definition 5.5, so that D = >, D", Let A(b) =
D(b) — D(eg(b)) and All(b) = DEl(h) — DIl(e(b)). We find each AFl(b), considering
three cases.

Case 1, k > z: Here All(b) = 0, as all terms in Dl(b) and D#!(e(b)) agree.

Case 2, x = k: If ¢ # 1, then, by Definitions 5.4 and 5.5, D,(b) = D,(eo(b)) and
by (5.1), Hyc—1(eo(b)) = Hy—1(b) — 1. For all other y < z it is clear that H, ,(b) =
H, ,(eo(b)). Hence AlFl(b) = 1.

Otherwise ¢ = 1 and
AF(b) = D (b) — DV(eg(b)) = Dprisi (B) — Dgrisn (€0 (b))

In this case £(b}) = &(b), so by Lemma 7.2, All(b) < 1, with equality if e0(b) > £ > s, /cy,.
Case 3, x > k: It is clear that Hw(b) H, ,(eo(b)) for z >y > k. Let

d=dy® - Qdy :=0g - 0,_1(D).

Since each o; commutes with the action of ey, one of the following must hold:
(a) eo(dy @ @dy) =dy @ - @ eg(dps1) @ dp @ - -+ @ dy,
(b) eo(dv® - ®di) =dy @+ ®@ds1 D eo(d) ® -+~ @ di.

If (a) holds, then for y < k we have H, ,(b) = H,,(eo(b)), since H,, is calculated on
exactly the same tensor product on each side. By (5.1) we have H, x(b) = H, x(eo(b)) and
by Definition 5.4 D,(b) = D,(eq(b)). Hence Al*l(b) = 0.

If (b) holds, then, by (5.1), H,x(eo(b)) = Hpx(b) + 1, and for all £ < y < x,
H, ,(eo(b)) = Hyy(b). Furthermore, by Deﬁmtlon 5.5 D,(b) = ( ) and D, (epb) =
Dy (eod). Comparing terms and noticing that H, ,(b) = Hy,(d) and H,,(epb) = Hy »(eod)
for all » < o shows
All(b) = AM(d) ~
so it follows by the argument in Case 2 that Al*l(b) < 0, with equality if g9(b) = eo(d) > .
The result now follows by adding all the All(b). O

Theorem 7.4. With the same assumptions and notation as in Theorem 6.1, let j -
By(lA+)) — B be the restriction of the map j to B,(€A-(0)), where B ® ugy, is identified
with just B. Then for all b € B,(¢A, ) we have deg(b) = D(j(b)) — D(ug).
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Proof. Since B,({A;()) is connected with the highest weight element we_ jlug) =
Ugn, ), and deg(uen o) = 0, it suffices to show that D(j(b)) = D(j(eo(b))) — 1 for each
b € B,({A(g)) such that ey(b) # 0. So, choose such a b € B,(¢A,(). Since e acts non-

trivially on j(b) ® wey,, we have go(j(b)) > ¢, and the result follows by Lemma 7.3. [

Theorem 7.5. For any composite level-f KR crystal B = B™N*~ ®@-.-® B™*1 we have
E™ =D — D(up).

Proof. By the definition of E™ (see Section 5.1), for any b there exists a string of f;
involving exactly E™(b) factors fy taking up to b. By Lemma 7.3, applying f increases
the value of D by at most 1, and so it follows that E™(b) > D(b) — D(ug). It follows
from Theorem 7.4 and the fact that the Demazure crystal B,(¢A;()) is connected that
E™(b) < D(b) — D(up). a

Corollary 7.6. The map j intertwines E™ and the basic grading deg.
Proof. This is immediate from Theorems 7.4 and 7.5. O

Remark 7.7. Let B be a composite level-¢ KR crystal. If e5(b) > ¢, call the corresponding
0 arrow from b = eg(b) to b in B a Demazure arrow. We have shown that for such an
arrow D(b) = D(V') + 1. Furthermore, we have shown that up is the unique source in the
subgraph of B consisting only of classical arrows (i.e. arrows colored ¢ for some 7 # 0)
and Demazure arrows. This could be used to give an algorithm for calculating the energy
function: given b, move backwards along arrows until one reach ug, only using Demazure
O-arrows. Then D(b) — D(up) is the number of 0 arrows in this path.

8 Generalizations to other tensor products of KR
crystals

Notice that Lemma 7.3 holds for more general tensor products of KR crystals, not just
tensor products of level-¢ perfect KR crystals. We now show how Theorem 7.4 and
Corollary 7.6 can be generalized as well.

For this section, fix g of non-exceptional affine type, ¢ > 0, and a tensor product
B = BN @ ... @ B™* of KR crystals, such that ¢ > [s;/cx] forall 1 <k < N. We
call such a crystal a composite KR crystal of level bounded by ¢.

The proof of the following proposition is similar to [25, Proof of Theorem 4.4.1].

Proposition 8.1. For B a composite KR crystal of level bounded by ¢,

B® B(thy) = @ B(N),

where the sum is over a finite collection of (not necessarily distinct) A' € P;".
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Proof. Fix b® c € B® B(lAy). If ¢ # uyp,, then for some i € I we have e;(c) # 0. This
implies that, for some k > 1,

i (b®c) = e (b) ®eilc) # 0. (8.1)

In this way, one can apply raising operators to b ® ¢ to obtain an element 0’ ® .

Set M = dim(B), and assume that, for some choice of ¢;,,...,¢;,,, and some b € B,
€iy + - €iy (b ® ugp,) # 0. Then some element b’ ® ugy, must appear twice. Thus for some
1 <r < s < M, we have e;, ---¢;, (0 ® ug,) = b ® upp,. By weight considerations,
at least one e must appear in this sequence. Furthermore, whenever e;, = ey, we must
have eg(e;,_, ---e;,. (V') > €. Thus Lemma 7.3 implies that D(b') < D(b'), which is a
contradiction. Hence the left hand side does decompose as a finite direct sum of B(A’)
for A’ € P*. Tt follows by weight considerations that all A’ are in P,". O

Definition 8.2. For each b € B, let ugAO be the unique element of B such that uf;AO ® Ugp,
is the highest weight in the component from Proposition 8.1 containing b ® wua, .

Define the function deg on a direct sum of highest weight crystals to be the basic
grading on each component, with all highest weight elements placed in degree 0.

Corollary 8.3. Choose an isomorphism m : B @ B({Ag) = @,, B(A’). Then for all
b € B, we have D(b) — D(us®) = deg(m(b @ ugn,))-

Proof. This follows from Lemma 7.3, just as in the proof of Theorem 7.4. ]
The following should be interpreted as a generalization of Corollary 7.6.

Corollary 8.4. The minimal number of eq in a string of e; taking b to uiAO is D(b) —
D(u™).

Proof. This follows as in the proof of Corollary 7.6, using the fact that, for any b € B,
b ® uyp, is connected to ub Ao ugp, in the affine highest weight crystal. O

Remark 8.5. The statements in this section do not give a relationship with Demazure
crystals. However, Naoi [46, Proposition after Theorem B, Proposition 7.6] and [47] has
recently proven that B ® u, is isomorphic to a disjoint union of Demazure crystals inside
the various irreducible components of B® B(A), where A is an arbitrary dominant weight
of level £ > 1 and B is a tensor product of perfect KR crystals each of which has level at
most /. It would be interesting to determine whether or not this continues to hold for B
nonperfect.

9 Applications

In this section we discuss how the relation between the affine grading in the Demazure
crystal and the energy function can be used to derive a formula for the Demazure character
using the energy function, as well as showing how they are related to nonsymmetric
Macdonald polynomials and Whittaker functions.
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9.1 Demazure characters

Since the character of a Demazure module V,,(\) can be expressed in terms of the De-
mazure crystal by (2.9), we have the following immediate corollary of Theorem 6.1.

Corollary 9.1. Let B = B"™'~x @---®@ B™"1 be a U}(g)-composite level-t. KR crystal,

A= —(crlwrf + -+ cerr;«v), and ty = vt as in Theorem 6.1. Then
chV,(CA-)) = etho Z et (O)—0E™(b) _ olho Z e™ aﬁ(b), (9.1)
beB beB

where wt 2T (b) = wt (b) — 0E™ (b) and wt (b) is the U} (g)-weight of b.
Proof. Recall that by Theorem 6.1 we have the isomorphism
7 (Bu(lAr())) = B ® uga,.
Combining this with (2.9), we obtain the result. O

As in e.g. [16, 17], the one-dimensional configuration sums are defined as

X(u; B) = > g PO, (9.2)
beB,wt (b)=p
ei(b) =0 for i € I\ {0}

where B = B"™V*N @ ... ® B"™*. By Theorem 7.5 we can rewrite Corollary 9.1 as follows
(compare also with [54, Theorem 1.2]).

Corollary 9.2. With the same assumptions and notation as in Corollary 9.1 and setting

q = e we have

chV,((Arq) = e @) N~ X (3 B) ch(V(n)) (9.3)

m

where V(u) is the module of highest weight u for the underlying finite type algebra.

Example 9.3. Let us illustrate various quantities used in this section. Consider B =
(BY1)®3 of type Aél). This has up =3®2®1. Take b =2®3® 1. Then one can calculate
D(b) = —2 and D(up) = —3, so that E™(b) = D(b) — D(up) = 1. Also

wt (b) = (A — Ay) + (Ao — Ao) + (A — Ag) =0,

so that wt () = —4.

THE ELECTRONIC JOURNAL OF COMBINATORICS 19(2) (2012), #P4 34



9.2 Nonsymmetric Macdonald polynomials

Fix g of affine type. Let P C P be the sublattice of level 0 weights. Recall that P is
naturally contained in P + Z§, where § is the null root and we identify P ®z R with a
subspace of P ®7 R by identifying the finite type simple roots with their corresponding
affine simple roots (and this containment is equality except in type A(zi)) Let t be the
collection of indeterminates t, for each root « such that t, = t, if @ and o' have the
same length. Consider the following elements of the group algebra Q(q,t)P

1—e® 0
A = H mké:q, and Al = A/([e ]A),

aff
a€RY

where [e¢°] means the coefficient of €® and R3" is the set of positive affine real roots.
Cherednik’s inner product [4] on Q(q,t)P is (f, g)q: = [°](fgA1), where ~ is the involution
g=qLi=t"! e =e

The nonsymmetric Macdonald polynomials Ey(q,t) € Q(q,t)P for A € P were intro-
duced by Opdam [48] in the differential setting and Cherednik [4] in general (although
here we follow conventions of Haglund, Haiman, Loehr [14, 15]). They are uniquely
characterized by two conditions: (Triangularity): Ex € 2 + Q(q,t){z" | p < A} and
(Orthogonality): (Ey, E,)q+ = 0 for X # p. Here < is the Bruhat t ordering on P identified
with the set of minimal coset representatives in W /W, where W is the extended affine
Weyl group and W is the classical Weyl group.

Extending Sanderson’s work [53] for type A, Ion [21] showed that for all simply laced
untwisted affine root systems, the specialization of the nonsymmetric Macdonald polyno-
mial F)(g,t) at t = 0 coincides with a specialization of a Demazure character of a level
one affine integrable module (see [53, Theorem 6], [21]): Write ¢ € W as t, = wr, where
we W, e X. Then

Ex(0,0) = ¢° ch(Vay(Arioy))lusg, croor, (9.4)

where ¢ is a specific exponent described in [21, 53] (and described in Corollary 9.5 below in
types AV and DS)). For X a single row, this relation also follows from combining [37, 20].

Remark 9.4. We have used the conventions of Haglund, Haiman, Loehr [14, 15], which
differ from those in [21] by the change of variables ¢ — ¢!

If A is anti-dominant and g = AV or D,gl), we can apply Theorem 6.1 and Corollary 7.6
to give a connection with KR crystals, along with their energy.

Corollary 9.5. Fix g = AY or DV, Fiz an anti-dominant weight X, and write A =
—(wer + -+ wpy ). Let B=B"'®-.-® B™!. Then

Py(¢,0) = Ex(q,0) = Y ¢ e

beB
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Proof. The equality Py(q,0) = E\(q,0) is [21, Theorem 4.2]. By Theorem 6.1 and Corol-
lary 8.3 (noting that ¢, = 1 for types AP and DY as in Figure 4), equation (9.4) implies

PA(Q? 0) =q° Z qiD(b)JFD(UB)ewt (®)

beB

It remains to show that ¢ = —D(up). Note that the generator v =v,,1 ®---Qv,, 1 € B
has weight wt (v) = —A\* = wy()\). Since Py(g,0) is symmetric, the coefficient of e”o™ is
the same as the coefficient of e*, which by definition of the Macdonald polynomials, is 1.
Hence we obtain the condition ¢+ D(up) — D(v) = 0 which implies by our normalization
D(v) =0 that ¢ = —D(up). O

The restriction to types AP and DY in Corollary 9.5 stems from the use of Ion’s
result [21]. An extension of Corollary 9.5 to type ciV follows from [40, 41]. It would be
interesting to determine if this result continues to hold in other types.

Remark 9.6. In order to match our notation for nonsymmetric Macdonald polynomials,
we index symmetric Macdonald polynomials by anti-dominant weights. Many people (see
for example [24, 44]) index Macdonald polynomials by dominant weights. The correct
conversion between these conventions is that, for a dominant integral weight A, Py in the
above references is denoted by P, here.

Corollary 9.5 implies that the coefficients in the expansion of the symmetric Macdonald
polynomial Py(g,0) at t = 0 in terms of the irreducible characters ch(V (u)) coincide with
X(p; BNy @ -+ - @ B™1) of (9.2). In formulas

Px(g,0) = > X(u; B) ch(V (),

where B = B"™~ ® --- ® B™°1 with the r; determined from A as in Theorem 6.1.

Remark 9.7. In the case g = A,(zl), one can define nonsymmetric Macdonald polynomials
E\(q,t) for any gl,, weight A (although if A and u correspond to the same sl,, weight, these
only differ by a scalar). Letting P’ denote the lattice of gl,, weights, there is a natural
injection

Qa. )P = Qla, Dty

A A1 A2 A
€ = T Ty "‘.Tnn,

so we can identify F,(q,t) with an actual polynomial, and we do so in the examples below
by writing F)(x;q,1).

Example 9.8. The Macdonald polynomial of type Aél) indexed by the anti-dominant
weight (0,0, 2) is given by

P(07072)(CL’; q, 0) = ZE% + (q + 1)1’1%2 + l’g + (q + 1)[L‘1ZL’3 + (q + 1)1’2[E3 + J]%
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By Corollary 9.5, this is given by the character of B?' ® B!, where the power of ¢
counts E™, Here 2* = 1, so we consider the KR crystal B! @ BY!. Under the map
from Theorem 6.1, this is isomorphic as a classical crystal to Bs,s, sys,(A2), and there are
enough 0 arrows in this Demazure crystal to calculate E™. The KR crystal is then given
as follows, where to make the picture cleaner we have only included arrows which survive
in the Demazure crystal. Note that the ground state path is 2 ® 1.

2901 5391 L19l 2192 5202-5203-53%3 95
1 2 1 .
N 3®2 N 1®3

The black arrows are all arrows that appear in f3" f{'? fi* f3* (2 ® 1) for some exponents
n; = 0, which give all vertices of the Demazure crystal, but not all arrows. The red
arrows are the additional arrows in the Demazure crystal. We calculate that D(2® 1) =
D(3®1)=D(3®2) = —1, and the rest of the elements of B! @ BY! have D = (0. This
confirms Corollary 9.5 in this case.

The connection with KR crystals can also be used to compute all nonsymmetric
Macdonald polynomials specialized at t = 0. Fix A which need not be anti-dominant,
and define w,7 as in (9.4). There is a unique minimal w’" € W, such that w'()\) is
an anti-dominant weight. Then w'w((w’)™')77 is a translation by an anti-dominant
weight, where the superscript 7 means conjugation by 7. Also, B, (A;@)) embeds in
Buyw(w) -1y (Ar0)) = Burw(Ar(0)), where the final equality follows because w’ € Wy. Let
J : Buw(Ar)) = B be the isomorphism from Theorem 6.1, where B is the appropriate
composite KR crystal, and let B = j(B,(A-(0))). Then in types AP and DY we have

=) g PO (9.6)

beB’

where D is calculated in the ambient composite KR crystal B. The subset B’ of B can be
described as {fj* --- fi"'up | n1,...,n = 0}, where s; ---s;, is any reduced expression
for w.

Example 9.9. Again consider type Agl), and take the nonsymmetric Macdonald polyno-
mial

E,20(7;¢,0) = xy + (¢ + D)xyxs + 25 + quizs + quazs.
Then w, 7 from (9.4) are w = 51508251 and 7 = 0 — 2 — 1 — 0. The shortest w’ € W
so that w'(0,2,0) is anti-dominant is w’ = s,. Thus the above argument along with

Example 9.8 shows that By, (Ar)) = Bs,seses, (A2) = B s, (A2) embeds into B = B''®
BY! (as a classical crystal), and a simple verification shows that the image B’ is everything
but 1 ® 3,2 ® 3 and 3 ® 3. This indeed verifies that Eg20)(z;¢q,0) is given by (9.6).
Example 9.10. Consider the Macdonald polynomial of type Aél)

Po1,2)(r;¢,0) = 2wy + 2125 4+ 2203 + (q 4 2)2 2003 + T2T3 + x1$§ + :vgxg.
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Our results say that this is given by the character of the affine crystal B, where B =

B*! @ BY. The ground state path is ® 1. As a classical crystal, B consists of two

2

components, with highest weight elements g ® 1 and ? ® 1 of weight 0 and wy + wo

s ®1):—1,andD(2

5 L @ 1) = 0. This indeed

respectively. One can check that D(

confirms
P(0,1,2) (xy q7 O) - C] + Ch(V(Wl + UJQ))

9.3 g¢-deformed Whittaker functions

Gerasimov, Lebedev, Oblezin [13, Theorem 3.2] showed that g-deformed gl,-Whittaker
functions are Macdonald polynomials specialized at ¢ = 0. As above this also gives
a link to Demazure characters, and hence by the results in Section 7 to KR crystals
graded by their energy functions. It would be interesting to generalize this to other types
(in particular type DV, where both Ton’s results [21] and our results from Section 7
hold). The g-deformed gl,-Whittaker functions are simultaneous eigenfunctions of a g-
deformed Toda chain, which might serve as a starting point for this generalization. See
also the recent paper by Braverman and Finkelberg [1]. Brubaker, Bump and Licata [2]
constructed a natural basis of the Iwahori fixed vectors in the Whittaker model using
Demagzure-Lusztig operators. This gives another avenue to the link between Demazure
characters and Whittaker functions.
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