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Can Newton’s Third Law Be “Derived”

from the Second?

Asim Gangopadhyaya and James Harrington, Loyola University of Chicago, Chicago, IL

ewton’s laws! have engendered much discussion
‘ \ ‘ over several centuries.>* Today, the internet is awash
with a plethora of information on this topic. We find

many references to Newton’s laws, often discussions of various
types of misunderstandings and ways to explain them. Here
we present an intriguing example that shows an assumption
hidden in Newton’s third law that is often overlooked. As is
well known, the first law defines an inertial frame of reference
and the second law determines the acceleration of a particle in
such a frame due to an external force. The third law describes
forces exerted on each other in a two-particle system, and
allows us to extend the second law to a system of particles.
Students are often taught that the three laws are independent.
Here we present an example that challenges this assumption.
At first glance, it seems to show that, at least for a special case,
the third law follows from the second law. However, a careful
examination of the assumptions demonstrates that is not quite
the case. Ultimately, the example does illustrate the signifi-
cance of the concept of mass in linking Newton’s dynamical
principles.

Motion of an inhomogeneous block under
a constant force

Consider a block of mass m,+ m, that is made by weld-
ing together a block of gold (mass ;) and a block of copper
(mass m,). This block, as shown in Fig 1, is pulled with a con-
stant force F.

K

(a)

Fp—m——F

(b)

ml——>F

Fig. 1. A block of mass m, + m, made up of two metals.

By the second law of motion, the acceleration a of this
block is given by

F=(m,+m,)a. (1)

We will now analyze each of these two conjoined parts as
independent subsystems with their own force diagrams given
in Figs. 2(a) and (b). Here we use the notation that F,  rep-
resents a force exerted on A by B. To keep our force diagrams
simple, we assume that this experiment is being carried out in
space, in a region with negligible gravity.*

We want to emphasize that at this point we do not assume
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Fig. 2. Free-body diagrams for (a) copper (m,) and (b) gold (m,)
blocks.

any relationship between forces F, ,, and F,;;. Applying New-
ton’s second law on these subsystems, we get

and
E, =m,a. (3)

Adding Eqgs. (2) and (3), we get

However, from Eq. (1), we have F = (m; + m,) a. Thus, com-
bining Eqgs. (1) and (4), we reach the following surprising
result:

But that is the statement of the third law! We seem to have
derived the third law by making multiple uses of the second
law. So, where did we go wrong? Actually, we are not wrong.
Newton’s second law alone did not bring us to Eq. (5). Along
the way, in Eq. (1), we assumed that the mass of the compos-
ite object was equal to the sum of its components. In other
words, we assumed that mass has an additive property. That
was the extra input required for this derivation.’ However,
during Newton’s time the additivity of mass was well accept-
ed, and hence this “derivation” of the equality and opposite-
ness of the action-reaction forces for this particular setting
was indeed possible. Since conservation of mass is well ac-
cepted by our students in introductory physics, this example
could be used to motivate the introduction of Newton’s third
law.

It is important to add that while the third law has a much
larger range of validity,® this derivation is only valid when two
interacting objects move as one, i.e., they have a common ve-
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locity and a common acceleration. The motion of two masses
moving with a common velocity described above could be
viewed as a limiting case of a perfectly inelastic collision
between two objects’ where Newton’s third law leads to the
conservation of momentum:

ml v1+m2 V2=m12 V12, (6)

where subscripts “1 " and “2" refer to masses and velocities of
two objects before collision and the subscript “12" refers to
the composite object after a perfect inelastic collision. For the
case considered above, both masses had the same velocities
at all times. Hence, substituting v, = v, = v,,, we see that the
momentum conservation reduces to the additivity condition
for the masses®:

m1+m2=m12. (7)

Thus, by assuming the additivity of masses, we had actually
assured that momentum was conserved for the motion de-
scribed above. And, it is well known that law of conservation
of momentum is equivalent to the third law of motion.

Mach has written extensively on the role mass plays in
Newton’s laws. In particular, he argues that the second law
does not completely describe all properties of mass.>> Ad-
ditivity of masses in the context of Newton’s laws has been
discussed in literature before.” However, we think that this is
arather simple example that clearly shows that additive prop-
erty of mass does not follow from the second law, and has to
be considered an additional assumption.

Conclusion

We show that Newton’s second law of motion and additiv-
ity of masses lead to Newton’s third law of motion, albeit for
avery restricted class of motion. Since additivity of masses
is a very well accepted notion, this discussion could be used
as a prelude to the introduction of the third law in its general
form.
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